Abstract--We examine a mathematical model of a population of cells distributed over a linear or tubular structure. Growth of cells is regulated by a growth factor, which can diffuse over the structure. Aside from this, production of cells and of the growth factor is governed by a pair of ordinary differential equations. We find conditions under which diffusion causes destabilization of the spatially homogeneous steady state, leading to exponential growth and apparently chaotic spatial patterns, following a period of almost constancy. This phenomenon may serve as a mathematical explanation of "unexpected" rapid growth and invasion of temporarily stable structures composed of cancer cells. (~
INTRODUCTION
Some human tumors involve tubular or linear structures. For example, some cases of ductal carcinoma in situ (DCIS) show tumor cells spreading amongst normal epithelial cells in the breast ducts away from the primary lesion [I] . The growth pattern is not always contiguous. This histological entity is known as pagetoid spread. A cell automata model of DCIS was developed to study pagetoid spread and to predict its effects on recurrence of DCIS following surgery [I] . In the lung, early lesions, the so-called Ground Glass Opacities, frequently have the form of intertwined linear shadows visible on Computed Tomography (CT) scans [2] . It seems that this type of growth may be present in the vascular and prevaseular stage of lung cancer development. Since this type of growth does not produce nodular structures in Xray or CT images, its interpretation is ambiguous. It is an interesting question how such structures arise and what are their further invasion paths.
Growth and morphogenesis in nodular tumors was already studied using the formalism of reaction-diffusion systems. Notably, Chaplain et al. [3] examined spatio-temporal pattern formation in reaction-diffusion systems on the surface of the unit sphere in 3D. On the another hand, systems with linear structure were applied for studying morphogenesis of hydra (a primitive metazoan with a tubular body plan). These were mostly devoted to explanation of the results of cutting and grafting experiments [4] [5] [6] . A related mathematical problem has been considered by Bertuzzi et al. [7] , who considered the growth of the tumor cord, a cylindrical structure representing a prevascular stage of tumor growth. Typeset by JtAdS-TEX In this paper, we consider two simple models of the spatial growth of proliferating cells sensitive to a hormonal regulator (called further on "the growth factor"). In the first model, we assume a tubular sheet geometry of the cell population. In the second model, cells are distributed along a straightline interval. In both models, in the absence of diffusion, the growth factor maintains a stable equilibrium of the number of ceils. If the growth factor is allowed to diffuse, the equilibrium, as we will demonstrate, may become unstable to perturbations. Simulations show that, the instabilities result in increased growth rates of cells at certain spots of the sheet. Moreover, some of the simulations indicate the possibility of chaotic behavior of the solutions of the model.
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Our model attempts to describe a population of cancer cells along linear and tubular structures such as blood vessels, ducts in the breast, or small bronchi in the lungs. Consequently, the destabilization of the steady state is interpreted as leading to further growth and invasion of the turaor beyond its original location.
MODEL ASSUMPTIONS

Tubular Geometry
The first model is defined on a thin sheet of cells, occupying the unit square (x, y) E 
Existing cells produce new ceils, so ~c > 0. Similarly, the more growth factor is present, the is cell proliferation, i.e., c°~g > 0. On the other hand, the concentration of the more vigorous growth factor is inhibited both by an increase in cell count and by an increase in growth factor Oh Oh levels, i.e., ~ < 0 and ~ < 0. In addition, the growth factor diffuses over the surface of the cylinder, so that the complete set of equations has the form, 
and periodic conditions in y,
Coefficient 1/~/is a composite parameter including the diffusion constant and scaling parameters. We are interested in the conditions for diffusion-driven instability for this problem (see, i.e., [8] ).
Conditions for the linearized stability of the kinetics system around the spatially homogeneous steady state, all + a22 < 0, det(A) > 0,
~ Dh Oh (derivatives computed at the steady where A = [aij] , all = Oc' a12 ----, a21 = ~c, a22 = ~g state), can be satisfied under the sign conditions for the partial derivatives of f and h. For the diffusion-driven instability, it is sufficient that tr(A) < 0, det(Si) < 0, 
which, considering that all > 0, are verified if 5 is large enough.
Linear Geometry
We will also consider a one-dimensional model, in which the tube is replaced by the unit interval, i.e., x E [0, 1]. In such model, cells and growth factor molecules have linear densities c(x, t) and g(x, t), respectively. The kinetics equations have the same form as in equation (1).
The growth factor now diffuses over the unit interval, so that the complete set of equations has the form,
7
where A~ = 0~, with homogeneous Neumann (zero flux) boundary conditions
The conditions for diffusion-driven (Turing-type) instability for this problem are formally the same as in the two dimensional problem, and given by expressions (5) and (6) . The only difference is that, the wavenumbers 2 #n,k are now obtained from the eigenproblem for the Laplacian on the unit interval
We obtain, = cos(n x), }
This linear geometry model has been introduced since it is easier to simulate and interpret.
Kinetics of Cell Proliferation and Growth Factor Production
The philosophy of building a model of the cell cycle is explained in Figure 1 .
Let us denote by c(t) the number of cells and by g(t) the level of growth factor bound to an average cell, at time t. Equation of cell cycle kinetics has the form 
(t) is equal to de/dt = 2pa(t)e(t) -a(t)c(t) -dc(t).
where function a(t) is the rate of cells flux towards division. We consider it a function of the total amount of growth factor present, c(t)g(t),
This function is increasing in cg and then saturating at the level ao, the pattern of increase adjusted by constants k and b (k, b > 0). As a consequence,
The equation for the growth factor consists of an availability term and a turnover term, so that h0 h(c, g) = 1 + rc s ug.
The form of the equation for growth factor kinetics is implied by the following considerations. The growth factor is supplied by a hormonal mechanism extraneous with respect to the sheet of tumor cells. Its supply remains constant. However, its availability to the tumor cells is inversely related with the number of cells. One possible mechanism leading to the inverse relation is that, the molecules of the growth factor are bound to receptors on the cell's membrane and therefore are not available for other cells. The form of this function is not known. However, we hypothesize that the influx of the growth factor has the form h0/(1 + rcS), where h0 is the maximum, when no cells are present, and constants r and s are adjustable parameters. This expression is one of a number of possibilities implied by considering the process of binding of growth factor particles to receptors on the membrane. We assume that, the removal of growth factor follows first-order kinetics with turnover rate u.
The kinetics system can have 1, 2, or 3 steady states ( Figure 2 ). First of all, (Co, go) = (0, ho/u) is a steady state. Further steady states (ci, gi) have to satisfy the following implicit relationship
where d
It can be demonstrated that equation (15) 
Model Analysis
To reduce the number of parameters we perform the following rescaling, does not point outward of E (so that E is invariant for the system (17)). Our results follow from the Theorems 14.11 and 14.7 in [9] . These theorems state that a region of the form E = Aiml{u E U: G~(u) <_ 0}, where for each i, Gi are smooth real-valued functions defined on open subsets of U, and the gradients dG~ never vanish, is invariant for the system, 
~,(o, x) = u0(x),
where ~ is a bounded region and D is a diagonal matrix of nonnegative diffusion coefficients, provided that for every u0 E cOE (so Gi(uo) = 0 for some i) the system is f-stable and the following condition holds,
dGi(f) < O,
at u0, for all t C N+.
We set G(c, g) = -c. VG(V)[c=o = 0 in E, so c _> 0.
IfG(c,g) = -g then VG(V)Ig=o = -(ho)/(l+rlc 8)
< 0 in E, so g _> 0. We calculate the Jacobian matrix A of the system linearized around a steady state (5, ~) using the above conditions.
Also, if we set G(c,g) = g -gl then VG(V)lg=m(ho)/(1 + rl es) -
Conditions (5) for the linearized stability of the kinetics system around the steady state (5, ~) are satisfied if and only if
al
-ho + u~ -u~ + sho > O. (20)
We can show that, the second condition is fulfilled for s > 2 since g is bounded and c is nonnegative.
NUMERICAL RESULTS
Data
Cell kinetics. For preliminary computations, we assume that the expected interdivision time of cells is equal to 1/ao = 12 hours similar to the estimates in [10] . Further, we assume a perfect efficiency of divisions p = 1, and a low death rate d = 0.04 Other coefficients are set arbitrarily at b = 2 and k = 1.
Growth factor kinetics. We use the expected turnover time equal to 1/u = 10 hours. Also, we use arbitrary values of h0 = 1 and s = 2. The exponent r is adjusted to ensure existence of three steady states, including the (0, ho/u) steady state.
Simulations for the One-Dimensional Model
The discretized system of ODEs is numerically solved using the CVODE package and numerical estimates of the Jacobian matrix. Space discretization is a grid on the unit interval. Time discretization is performed implicitly. Homogeneous Neumann (zero flux) boundary conditions are implemented as a reflection at the boundary.
The basic pattern of time evolution of numerical solutions of system (8) is depicted in the Figure 3 . In this example, the spatially homogeneous steady state was perturbed with a small cosinusoidal additive term (for parameter values and further details, cf. the legend to Figure 3 ). (b) graph of c(x, 10).
(c) graph of c(x, 180). (e) graph of c(x, 250).
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(f) graph of c(x, 500).
(g) graph of c(x, 500) in the semi-logarithmic scale. 
(c) F i g u r e 8. S p a t i a l profile of t h e s o l u t i o n c w i t h p a r a m e t e r s a n d i n i t i a l c o n d i t i o n as in
F i g u r e 4 a n d 7 = 104. . We observe that regular initial conditions lead to the "chaotic" profile. Similarly, like in the one-dimensional case the solution profile loses similarity to the initial condition and displays an increasing number of local maxima.
As e v i d e n t f r o m p a n e l (a) of this figure cell d e n s i t y c(x, t) r e m a i n s close t o c(x, 0) u n t i l a t h r e s h o l d t i m e at w h i c h it s t a r t s e x p o n e n t i a l l y i n c r e a s i n g at s o m e x -c o o r d i n a t e s a n d e x p o n e n t i a l l y decreasing at o t h e r . T h e r a t e of t h e e x p o n e n t i a l g r o w t h r e a d f r o m t h e g r a p h is c o n s i s t e n t w i t h t h e s a t u r a t i o n r a t e (2p -1)a0 -d of e q u a t i o n (11) w h e n t h e flux a(t) r e a c h e s its m a x i m u m v a l u e a0.
At the same time, g(x, t) gradually reaches a constant value, l~urther panels of Figure 3 depict c(x, ti) as a function of x • [0,1] (i.e., at discrete points lAx, i = 0,1,...,100, Ax ----0.01), for several times t~. Between t --180 and t = 200, c(x, t) loses resemblance to c(x, 0), which first manifests itself in phase inversion and then appearance of a chaotic-like profile. The transition occurs precisely at the same time when the saturation-rate exponential growth at some x-coordinates commences. Another series of simulations, depicted in Figures 4-9 , illustrates the dependence of solutions on parameter 7, the inverse of the diffusion coefficient. As 7 increases, i.e., as the diffusion coefficient decreases, the solution profile loses similarity to the initial condition and displays an increasing number of local maxima.
Simulations for the Two-Dimensional Model
We discretize the system 2 on the unit square 
DISCUSSION
Behavior of the model in the one-dimensional case can be interpreted as a period of tumor dormancy, followed by an "unexpected" onset of rapid growth. This is exactly the behavior, which one finds puzzling in human tumors. However, since it has been obtained by purely numerical methods it should be further verified.
The growth observed is a purely nonlinear phenomenon. Indeed, its rate is much faster than in the linearized system. As evident from simulations in Figure 3 , the c(x, t) profiles for higher values of t become irregular in shape. Whether this phenomenon should be considered chaotic in nature, is an open question.
One other puzzling feature of the model is that, as illustrated by Figures 4-8 , the solution profiles become less regular as 7 increases. However, as 7 -1 ~ 0, the system with diffusion formally becomes a continuum of decoupled ODE systems (indexed by x), each of which is asymptotically stable. This indicates that there exists a discontinuity in system's behavior at 7 -1 = 0. Further clarification is needed.
Based on the limited number of simulations, it seems that the two-dimensional system qualitatively behaves similarly as the one-dimensional system. Again a complete verification is pending.
